Abstract. A nilmanifold is a homogenous space of a nilpotent Lie group. If M is a compact symplectic nilmanifold, then any 1-periodic Hamiltonian system on M has at least dim(M) + 1 contractible periodic orbits with period 1. This provides an a rmative answer to the Arnold conjecture for such manifolds. The proof uses the techniques of rational homotopy theory, and in particular an extension of the rational L.-S. category invariant e 0 to maps.
The Arnold Conjecture
The Arnold conjecture 2] is a well-known problem in Hamiltonian dynamics, which has been studied in various forms. This paper deals with the following formulation of the conjecture: let (M; !) be a compact symplectic manifold, H : M R ! R a smooth function which is 1-periodic in time. Then the Hamiltonian ow associated with H has at least MC(M) 1-periodic orbits, where MC(M) is the minimum number of critical points of a real-valued function on M.
In this form, the rst results were obtained by Conley and Zehnder 5] for the case of M a torus with the standard symplectic form. Several other authors have made contributions, introducing new methods and considering di erent classes of manifolds 10, 11, 12, 13, 24] . In the form stated above, the most general results are those of Floer, who shows 11, 12] for all compact symplectic manifolds (M; !) with 2 (M) = 0 that the Hamiltonian ow associated with H has at least 1 + CL 2 (M) 1-periodic orbits, where CL 2 (M) is the mod 2 cup-length of M { the longest nontrivial product inH (M; Z 2 ). The cuplength is a lower bound for MC(M), but in general the two are not equal, so these results do not provide a complete answer to the conjecture.
In this paper, we show that this cuplength estimate can be improved for some manifolds. We consider compact symplectic manifolds which have Euclidean space as their universal cover. Examples include tori and surfaces with non-positive Euler characteristic. These manifolds form a large subclass of the the class of aspherical manifolds (manifolds with i (M) = 0 for i 6 = 1), though not all aspherical manifolds have a Euclidean cover 6]. To study these manifolds, we make use of an invariant from rational homotopy theory, e 0 (M), which is often (but not universally) a better estimate of MC(M) than the mod 2 cuplength. Using this invariant, we rst show Theorem 1. If (M; !) is a compact symplectic manifold with Euclidean cover, then every smooth 1-periodic Hamiltonian system has at least e 0 (M) + 1 contractible 1-periodic orbits. 1 Since MC(M) = dim(M) + 1 for aspherical manifolds 22] , this result will provide an a rmative answer to the Arnold conjecture for a manifold M in our category if and only if e 0 (M) = dim(M). This is false for an arbitrary manifold with Euclidean cover, but there is a special class of aspherical manifolds, nilmanifolds, for which this equality does hold 18] . A nilmanifold is de ned as a homogeneous space of a nilpotent Lie group. Every nilmanifold can be represented as a homogenous space of a simply connected Lie group, which is di eomorphic to Euclidean space. Equivalently, a nilmanifold is an aspherical manifold whose fundamental group is a nitely generated torsion-free nilpotent group. The topology, cohomology and symplectology of nilmanifolds are described in x2. For these manifolds, we produce an a rmative answer to the Arnold conjecture: Theorem 2. If (N; !) is a compact symplectic nilmanifold of dimension 2n, then every smooth 1-periodic Hamiltonian system has at least 2n + 1 = MC(N) 1-periodic orbits. Nilmanifolds have CL 2 (N) dim(N), with the inequality strict in general, so our estimate is an improvement on the cuplength estimate of Floer. Moreover, our estimate gives a sharp lower bound for the number of 1-periodic orbits of a 1-periodic Hamiltonian system. If h : N ! R has exactly 2n+1 = MC(N) critical points, there is a lower bound on the period of all nonconstant periodic orbits in the Hamiltonian ow induced by h. We can then de ne H : N R ! R by H(x; t) = h(x) and scale t appropriately so that all nonconstant periodic orbits have period greater than 1. This system then has exactly 2n + 1 (constant) 1-periodic solutions.
Basically, the proof follows the lines of the original Conley-Zehnder proof: rst, a variational argument to reduce the problem to a search for critical points; then topological arguments to estimate the number of critical points. The di erence comes in the second stage: the cup-length estimates in 5] have been replaced by Ljusternik-Schnirelmann category estimates and rational category estimates. The steps in the proof are:
1. Suppose the Euclidean space E is the universal cover of M. The symplectic structure on M lifts naturally to a symplectic form! on E. Then, in suitable coordinates on E, contractible periodic orbits on M correspond to periodic orbits of a Hamiltonian system _ x = JrH(x; t), where J is a skew-symmetric matrix andH(x; t) is a 1-periodic function invariant under the action of the covering group. 2. The Conley-Zehnder variational reduction then proceeds mutatis mutandis to show that there is a one-to-one correspondence between periodic orbits of the Hamiltonian ow on E and critical points of a real-valued function g in a particular class of functions GH p;q (M) on X = M R p+q . This reduction is carried out in x3. 3 . In x4, we introduce the Ljusternik-Schnirelmann category, and use it to obtain the rst estimates on the critical point set of g 2 GH p;q (M). For such a function, suppose S is the maximal compact invariant set of the gradient ow _ x = rg(x). Then S has at least cat X (S) rest points, where cat X (S) is the Ljusternik-Schnirelmann category of S in X. This L.-S. category estimate depends on the function g as well as the manifold M. To replace it with an estimate which depends only on M, we turn to rational category. Section 5 is devoted to developing the needed rational category material.
4. In particular, rational category provides an invariant e 0 (M) for the manifold. We introduce a corresponding invariant e 0 (i) for the inclusion map i : S ! X, with the general properties e 0 (i) < cat(i); e 0 (i) e 0 (M). In x6, we show that, in our setting, e 0 (i) = e 0 (M), so e 0 (M) is less than the number of periodic orbits. This completes the proof of the rst result. For the second, we use the result of 18] that, for nilmanifolds, e 0 (N) + 1 = cat(N) = MC(N) = dim(N) + 1: The authors would like to thank Ken Meyer for his many useful suggestions during the preparation of this work.
Nilmanifolds
The topology of nilmanifolds is thoroughly described in the elegant paper of Mal'cev 16]. A nilmanifold N is a quotient space of a nilpotent Lie group G by a closed subgroup . Without loss, G may be taken to be simply connected and to be discrete. That is, the quotient map p : G ! N is actually the universal covering map of N, with covering group .
As a simply connected nilpotent Lie group is di eomorphic to Euclidean space, this means that N is a manifold with Euclidean cover and a K( ; 1) with a torsion-free nitelygenerated nilpotent group. Conversely, every torsion-free nitely-generated nilpotent group is the fundamental group of some nilmanifold N.
Example 2.1.
The Birkho embedding theorem implies that all simply connected nilpotent Lie groups can be embedded in groups of unipotent upper triangular matrices. A nilmanifold is then formed by quotienting a simply connected group of unipotent upper triangular matrices by a discrete subgroup. If the subgroup is uniform (i.e. if the rank of the subgroup equals the dimension of the Lie group), the resulting nilmanifold will be compact. The rst, of course, produces the 4-torus; the second is R U 3 (R), and produces nilmanifolds of the form S 1 (U 3 (R)= ). The topology of a nilmanifold N is strongly controlled by the group structure of the simply connected nilpotent Lie group G that covers it. This group structure is in turn uniquely determined by the Lie algebra structure of the corresponding Lie algebra g. That is, the exponential is a bijection, and the Campbell-Baker Hausdor theorem reveals that the group multiplication is described by a (explicitly computable) polynomial function in the Lie bracket. The role of the Lie algebra structure in determining the structure of the nilmanifold is most evident in the computation of cohomology. Speci cally, Nomizu 17] showed that the rational cohomology of the nilmanifold is canonically isomorphic to the Lie algebra cohomology of g: H (N; Q ) = H (g; Q ): The details of this isomorphism will be of some importance to us.
The de Rham complex on N = G= can be naturally identi ed with the complex (G) of forms on G which are invariant under . This contains as a subalgebra the left-invariant forms on G, G (G). Nomizu showed that the inclusion G (G) , ! (G) induces an isomorphism on cohomology H ( G (G)) = ! H ( (G)) = H DR (N). But the algebra G (G) can be canonically identi ed with g, the cochain complex of the Lie algebra g, and H ( G (G)) with H ( g), the Lie algebra cohomology of g. g is an exterior algebra on g: if fX 1 ; : : : ; X n g is a basis for g and fdx 1 ; : : : ; dx n g is the dual basis for Hom(g; R), then g is an exterior algebra generated by fdx 1 ; : : : ; dx n g, with 3 2. Since the torus is covered by the n-dimensional abelian Lie algebra a n , the Lie bracket (and hence the coboundary operator) is trivial. Thus H (T n ; Q ) = H (a n ) = a n . The signi cance of this construction will emerge in x5, but one consequence of it is that rational cuplength of a nilmanifold (i.e. the cuplength ofH (N; Q )) can be computed by a nite algorithm. Since the multipication in the cohomology algebra is simply that which it inherits from the wedge product on the exterior algebra, both the cohomology groups and the multiplication are easily determined from the Lie bracket information, and from there the cuplength can be calculated. The cuplengths for the Lie algebras are CL(a) = 4, CL 0 (u) = 3 and CL 0 (n) = 2. Then any nilmanifold covered by one of these Lie algebras has rational cuplength equal to the cuplength of the Lie algebra.
By contrast, the mod 2 cuplength of N = G= does depend on , not just on G or g. For example, the four-dimensional nilmanifold N p = S 1 (U 3 (R)=U p ) has mod 2 cuplength CL 2 (N p ) = 3 if p is odd 4 if p is even We will shortly see that all of the nilmanifolds N p are symplectic, so they provide examples of compact symplectic nilmanifolds for which the dimension estimate of Theorem 2 is an improvement on the mod 2 cuplength estimate.
We turn now to the question of which nilmanifolds admit symplectic structures. It is of interest to note that the isomorphism between the rational cohomology of nilmanifolds and Lie algebra cohomology also gives information about this question as well. A manifold M is symplectic if it possesses a 2-form ! 2 2 (M) which is closed and non-degenerate. In particular, if M is compact, then these conditions imply that M is even dimensional (say 2n) and ! n is a volume form (and so represents the fundamental class of M). This gives a natural cohomological necessary condition for a compact orientable 2n-dimensional manifold to be symplectic: there must be a class !] 2 H 2 (M; R) with !] n 6 = 0.
From this condition, we see that not all nilmanifolds admit symplectic structures. For example, no nilmanifold covered by U 4 (R) admits a symplectic structure, as there is no element in H 2 (u 4 (R)) whose cube is nonzero in H 6 (u 4 (R)). What is more remarkable is that this necessary condition is, for nilmanifolds, a su cient condition. That is, a 2n-dimensional nilmanifold admits a symplectic structure if and only if it has a class !] 2 H 2 (N; R) with !] n 6 = 0 3]. The isomorphism with Lie algebra cohomology makes this clear: a 2-form ! in the exterior algebra g has ! n 6 = 0 if and only if ! is nondegenerate. For example, all four-dimensional nilmanifolds admit symplectic structures.
The Variational Reduction
In this section, we assume that (M; !) is a compact symplectic manifold with Euclidean universal cover E, and H : M R ! R is a smooth function which is 1-periodic in time. (u) , then rf(u) = Au ? F(u), so our search for periodic solutions can now be viewed as a search for critical points of the functional f. The next step is to reduce this to a search for critical points of a real-valued function on a nite-dimensional manifold.
To do this, we make use of the properties of the operator A. A is selfadjoint, with a closed range, a compact resolvant and a pure point spectrum (A) = 2 Z. Each eigenvalue has multiplicity 2n = dim(E) = dim(M), with eigenspace E( ) = ker( I ? A) spanned by the orthogonal basis of loops ! ;k (t) = exp(t J)e k ;
where fe 1 ; : : : e 2n g is a basis of E. In particular, ker(A) consists precisely of the constant loops in E, so ker(E) = E 0 = E. Now, let fE g denote the spectral resolution of A, and de ne orthogonal projection P 2 L(H If we take the gradient ow _ x = rg(x), the conditions on B + and B ? guarantee that B is an isolating neighborhood, in the sense of Conley 4] . That is, let x R denote the solution of _ x = rg(x) through x, and let S = fx 2 B j x R Bg: Then S is a compact set in int(B). Denote the the set of critical points of g by C g , and the cardinality of C g by c g . Clearly, C g S, and since the ow is a gradient ow, the components of C g form a Morse decomposition for S: every point in S has (x); !(x) C g , with g(!(x)) > g( (x)).
To estimate c g , we now turn to the Ljusternik-Schnirelmann category (L.-S. category, or just category). This survey of L.-S. category follows the development and notation of James' survey article 15]. A subset U of a topological space X is categorical in X (or just categorical) if U is contractible in X. The category of X, denoted cat(X), is the least number of categorical open sets needed to cover X. Some of the standard properties of the category are:
1. The category is a homotopy-type invariant: if X ' Y , then cat(X) = cat(Y ).
The category is subadditive: cat(A B) cat(A) + cat(B). 3. The category is estimated by the cup-length: cat(X) > CL(X), where the cuplength CL(X) is the length of the longest nontrivial product in the reduced homologyH (X).
If F is a eld of characteristic k, we can de ne the mod k cuplength (pronounced \rational cuplength" when k = 0) as the length of the longest nontrival product iñ H (X; F), and obtain the estimate cat(X) > CL k (X).
4. If X is (n ? 1)-connected, then cat(X) dim(X) n + 1. In particular, cat(X) = 1 if and only if X is contractible. 5. If M is a compact aspherical manifold, then cat(M) = dim(M) + 1, except in a few exceptional low-dimensional cases 7]. None of these admit a symplectic structure, and so do not occur in our application. 6. The category provides a lower bound for the number of critical points on compact manifolds: If M is a compact manifold, then cat(M) MC(M). For example, the n-torus T n has CL(T n ) = n, and T n is only 0-connected, so n = CL(M) < cat(T n ) dim(M) + 1 = n + 1, and cat(T n ) = n + 1. Of course, we could also obtain cat(T n ) = n + 1 from the fact that the n-torus is a compact aspherical manifold. Similarly, complex projective space C P n has CL(C P n ) = n, so n + 1 cat(C P n ). But C P n is a 1-connected manifold of dimension 2n, so cat(C P n ) n + 1, hence cat(C P n ) = n + 1.
There is also a de nition of category for a map. Similarly, if F is a eld of characteristic k, we can de ne CL k (f) by using cohomology with coe cients in F, and obtain the estimate CL k (f) < cat(f). 4. f is null-homotopic if and only if cat(f) = 1.
cat(f) cat(X) and cat(f) cat(Y ):
Of particular interest is the category of an inclusion map. If A X and i : A ! X is the inclusion map, then cat(i) is sometimes denoted cat X (A), the category of A in X. That is, it is the least number of sets, each categorical in X, needed to cover A. Of course, if A = X, cat(id) = cat X (X) = cat(X). In this case, subadditivity can be expressed as cat X (A B) cat X (A) + cat X (B), while the inequalities cat(f) cat(X) and cat(f) cat(Y ) become cat X (A) cat(A) and cat X (A) cat(X Note that the quantity cat X (S) depends on the function g. We want to estimate it from below by an invariant which depends on the manifold M only. To do this, we introduce rational category; in particular, the Toomer invariant e 0 (M).
Rational Ljusternik-Schnirelmann Category
The advent of the minimal model approach to rational homotopy theory in the 1970's opened the way for algebraic interpretations of Ljusternik-Schnirelmann category as well as concomitant reinterpretations of various invariants which approximate it. In this section we shall recall this approach to the Ljusternik-Schnirelmann category of spaces and maps and focus on one of the approximating invariants particularly relevant for our situation, Toomer's invariant e 0 . While this invariant is well known for spaces, we shall require an extension to maps which we introduce and develop. The basic references for this section are 8, 9, 14, 15, 21, 23] .
To each path-connected space S, Dennis Sullivan associated a di erential graded algebra The algebra X is freely generated by the graded vector space X = L i>0 X i ; that is, X =Symmetric algebra (X even ) Exterior algebra (X odd ). 2. The di erential d is decomposable; that is, for any generator x i , dx i is a polynomial in generators x j , j < i, with no linear part. For nilpotent spaces there is a precise relationship between homotopical Q -localization and minimal models. A nilpotent space S is one for which the fundamental group is nilpotent and for which the standard action of the fundamental group on the higher homotopy groups is a nilpotent action. Any simply connected space is nilpotent since the fundamental group is trivial. Furthermore, any nilmanifold is a nilpotent space since its fundamental group is nilpotent and its higher homotopy groups vanish. The fundamental result of rational homotopy theory is then that there is a one-to-one correspondence between homotopy types of Q -localizations of nilpotent spaces and isomorphism classes of minimal c. Consider an even sphere S 2n . To create the minimal model, we need a cocycle in degree 2n which maps to the cocycle in A(S 2n ) representing the fundamental class of S 2n . Call this generator x and take the c.d.g.a. freely generated by it, ( (x 2n ); d = 0). Now ( (x 2n ); d = 0) itself maps to A(S 2n ) because x freely generates it. We do not yet have a model for S 2n since all higher powers of x represent nontrivial cohomology classes in (x). Thus these must be killed by the addition of a generator y in degree 4n-1 with dy = x 2 . It is easy to see that de ning d on y in this way kills all extra cohomology. Moreover, we can map y to A(S 2n ) by taking it to zero. The minimal model of S 2n is then ( (x; y); dx = 0; dy = x 2 ): Note that the de nition of d on y is precisely the de nition of the corresponding k-invariant and that the existence of generators only in degrees 2n and 4n ? 1 re ects Serre's theorem that even spheres have nite homotopy groups except in those degrees.
Example 5.2.
We will be particularly interested in constructing minimal models for nilmanifolds. In fact, we have already done so. If N = G= is covered by the Lie algebra g, then the rational cochain complex g described in x2 is an exterior algebra on generators X = fdx 1 ; : : : ; dx n g in odd dimensions (dimension 1, in fact), with (dx i ) 2 2 X for all i, and H ( g) = H (N; Q ). These are exactly the conditions required of a minimal model for N. Alternatively, the minimal model (and hence e 0 ) of a nilmanifold can be computed from the fact that the Postnikov tower for a nilmanifold is a tower of dim(N) principal S 1 -bundles 18].
In order to study Ljusternik-Schnirelmann category from the point of view of rational homotopy theory, it is convenient to use another, more homotopical, approach to category. Let S n denote the product S S ::: S (n times) and T n S = f(s 1 ; s 2 ; :::s n )j at least one s i is a speci ed basepoint *g: denote the fat wedge. Include S into S n via the diagonal map (s) = (s; s; :::; s) and denote the inclusion T n S , ! S n by j. Then cat(S) n if and only if may be deformed into T n S. Now, in order to translate these diagrams into rational homotopy theory, we need minimal models for S,S, S n and T n S. If we denote the model of S by ( X; d), then the model for S n is simply X n with d on each factor and extended by the Leibniz rule. Moreover, the model of the diagonal map is simply multiplication, denoted by : X n ! X. In 9] it is shown that a minimal model for the fat wedge T n S is given by a minimal model : Y ! of the quotient c.d.g.a.
= X n + X n ;
where + X consists of all elements of positive degree. If : X n ! denotes the projection, then since is a quasi-isomorphism, there is a lift : X n ! Y with ' . It is the presence of algebraic structure which allows a more accessible criterion for the determination of rational category. Let n X denote the di erential ideal of X consisting of sums of monomials x i 1 :::x i k having k n and let p : X ! X= n X be the projection. Take a minimal model : Z ! X= n X and note that, since is a quasi-isomorphism, there is a liftp : X ! Z with p ' p. The theorem allows us to de ne approximating invariants for cat 0 (f). In particular, one such is Toomer's e 0 invariant. The e 0 invariant is well known for spaces 23] (and minimal models, see 8] and 9]); we introduce it here for maps.
De nition 5.6. De ne e 0 (S) to be the largest integer k so that there exists a cocycle 2 k X with ] 6 = 0 in H ( X) = H (S; Q ).
De ne e 0 (f) (= e 0 (F )) to be the largest integer k so that there exists a cocycle 2 k X with F ] 6 = 0.
Note that if F : X ! X is the identity, then we obtain the above de nition of e 0 (S) = e 0 ( X). One of the properties of e 0 (S) that we will make use of is Proposition 5.7. 9, Lemma 10.1] If S is a compact connected orientable n-manifold with fundamental class , then e 0 (S) = maxf k j can be represented by a cocycle in k Xg. Proof. Suppose e 0 (S) is \represented" by ! 2 H p (S; Q ) for some p < n. That is, suppose ] is a nonzero cohomology class with 2 e 0 (S) X. There is a cohomology class 2 H n?p (S; Q ) with = , and 2 k X for some k 1, so 2 e 0 (S)+k X, which contradicts the maximality of e 0 (S).
Corollary 5.8 ( 18] ). If N is a compact nilmanifold, then e 0 (N) = dim(N).
Proof. The minimal model for N is an exterior algebra generated by dim(N) 1-forms, with the fundamental class given as the product of all of the generators. The basic properties of e 0 (f) are contained in the following result which is essential to our proofs of Theorems 1 and 2. 
Rational Category Estimates
We are now ready to complete the proofs of theorems 1 and 2. As corollary 5.8 shows that e 0 (N) = dim(N) for nilmanifolds, we only need to prove theorem 1. And to do so, we need only show that e 0 (M) < cat X (S) when S is the maximal compact invariant set of the ow induced by some g 2 GH p;q (M). Proof. All homology and cohomology groups will be taken with rational coe cients.
It su ces to prove the theorem for U B, and to prove that the inclusion induced map In our development of proofs of theorems 1 and 2, we have arrived at a critical point result which might be of independent interest. Namely, suppose g : M ! R is a smooth function on a (not necessarilly compact) manifold, and S is an isolated invariant set for some ow on M with a Morse decomposition fM p g such that S M p = fx 2 S j rg(x) = 0g. The most obvious example, of course, is that S is an isolated invariant set in the gradient ow of g, or, more generally, g is a Lyapunov function for the ow. Then, if the inclusion map i : S ! M induces an injection on rational Alexander-Spanier cohomology, then there are at least e 0 (M) critical points of g in S.
Remark 6.3.
As all manifolds with Euclidean cover have MC(M) = dim(M), it would be very satisfying to be able to report that all compact connected symplectic manifolds with Euclidean cover have e 0 (M) = dim(M). Unfortunately, this is not true. Let M 0 be the 3-manifold formed from R 3 by (x; y; z) (x+m; (?1) m y+n; (?1) n z+p) for (m; n; p) 2 Z 3 , and let M = M 0 S 1 . M 0 is an orientable manifold with a non-orientable bration T 2 ! M 0 ! S 1 . The generator of 1 (S 1 ) acts on H 1 (T 2 ; Q ) by ?id, so the rational cohomology of M 0 is q 0 1 2 3 H q (M 0 ; Q ) 1 x y xy A minimal model for this is X, where X = fx; y; zg with dim(x) = 1, dim(y) = 2, dim(z) = 3 and (x) = (y) = 0, (z) = y 2 . If w is a 1-form on S 1 which generates the minimal model for S 1 , then fw; x; y; zg (with (z) = y 2 ) generates a minimal model for M, and y + wx is a symplectic form on M. Then the fundamental class of M is represented by wxy, and e 0 (M) = 3, while dim(M) = 4:
The question of exactly which compact connected symplectic manifolds with Euclidean cover (or, more generally, which compact aspherical manifolds) have e 0 (M) = dim(M) is, to the best of our knowledge, still open.
